We have formulated the problem of electron transport through interacting quantum dot system in the framework of self-consistent perturbation theory, and show that the current conservation condition is guaranteed due to the gauge invariant properties of the Green's functions and the generalized Ward identity. By using a generating functional for the statistics of the nonequilibrium system, we have obtained general formulae for calculating the current and the current fluctuations in the presence of arbitrary time-dependent potentials. As demonstration of application, we have studied the interaction effects on the finite frequency noise for electron resonant tunneling through an Anderson impurity, and obtained an analytical equation for the interaction effect on the finite frequency current noise within the Hartree approximation, which is an extension of the previous results obtained by Hershfield on zero frequency shot noise.
I. INTRODUCTION
The transport properties of mesoscopic conductors have attracted wide research interest, and are of great importance for future nanoscale electronic applications. One usually probes the dynamics of electron in the conductors by measuring the dc and ac conductance in the linear response regime or driving the systems to the nonlinear out-of equilibrium case. For instance, Gabelli et al.
1 measured the ac conductance of a mesoscopic RC circuit at GHz frequency, and found the violation of Kirchhoff's law of impedance addition. Recent experimental advance will enable to probe the electronic processes in these systems in the high frequency region reaching the intrinsic time scales of the electron dynamics, therefore new interesting physical properties are expected to be observed. 2 Some important progresses in this field are based on a wisdom that more information about electron dynamics can be obtained by measuring the current fluctuations or the higher current moments in these systems.
3,4
The theory of full counting statistics (FCS) of electron current, which describes the probability distribution of transmitted charge during a fixed time interval through a mesoscopic conductor, were developed within the scattering formulation, [5] [6] [7] and the Hamiltonian formulation for FCS were constructed based on the Anderson impurity model. [8] [9] [10] It was also shown that the real part of ac conductance is related to the asymmetric parts of the frequency dependent current noise by a nonequilibrium fluctuation-dissipation theorem. 11, 12 Therefore, at present there are intensive research actives on the study of FCS problems both in quantum dot systems [13] [14] [15] and diffusive conductors. 16, 17 For the study of the time-dependent and finite frequency transport properties of mesoscopic systems, Blanter and Büttiker 4 emphasized the importance of considering electron interaction effects, and pointed out that the current measured in frequency dependent transport experiment is a sum of the particle current and displacement current, while the displacement current is zero in the static case, but is essential for finite frequency transport. A theoretical approach that can address the finite frequency electron transport and take into account the various electron correlation effects as well as the current conservation condition explicitly is highly worthy of investigation.
18,19
A prototype mesoscopic system of nonequilibrium electron transport with strong Coulomb interaction is a single quantum dot coupled to left and right leads, which can be described by the Anderson impurity model. The current through the quantum dot 20 had been calculated by performing a second order perturbation theory of the Coulomb interaction strength U . However, the authors 20 observed that the current is not conserved in this approximation when the dot level is tuned away from the particle-hole symmetry point, and pointed out the necessity of treating interaction terms by a current conservation approximation. Hershfield 21 studied the current fluctuations in the Anderson impurity model subsequently, and obtained a formula for interaction effect on zero frequency shot noise in the Hartree approximation. During the last decade, the shot noise and the FCS of current of the Anderson impurity model in the low-temperature Kondo regime have attracted a great deal of research efforts and interests, but we will restrict our consideration only to the resonant tunnelling regime in this paper. For a noninteracting resonant tunneling model, exact analytical formula of the finite frequency noise spectrum had been obtained. 22 The nonsymmetrized noise spectrum of the resonant tunneling model had been studied recently within the scattering formulation 23, 24 , where some step and dip structures at finite frequency were shown, and the Hartree-Fock theory was applied to multi-level quantum dot system.
25
In the present work, we have formulated the theory of electron transport through quantum dot based on the nonequilibrium self-consistent perturbation method, 26 which can guarantee the gauge invariance and current conservation condition for arbitrary time-dependent external potential. We have studied the effect of the potential fluctuations in the quantum dot on the finite frequency noise within the Hartree approximation, and obtained an analytical equation for the interaction effect on the current noise, which is an extension of Hershfield's result 21 to the finite frequency case. We will show that various correlation functions of nonequilibrium system including the vertex correction terms can be calculated in a systematic way by using functional derivations defined on the closed time contour and the external counting field method. Actually, the functional approach has been applied to a wide range of problems in mesosocopic system in the literatures, e.g. current and noise characteristics for single-electron transistors in the Coulomb blockade regime 27, 28 or the Kondo regime, 29 photoassisted shot noise in mesoscopic conductor, 2 charge transport to chaotic cavity 30 and the time evolution of nonequilibrium quantum dot system, 31 etc. This paper is organized as follows: In section II, we discuss the current conservation condition and the generalized Ward identity for quantum dot based on the Anderson impurity model. In section III, the formula for finite frequency noise spectrum including the interaction correction term in the Hartree approximation is obtained. Section IV is devoted to the numerical calculations. In section V we summarize the results of this work.
II. SELF-CONSISTENT PERTURBATION THEORY AND THE GENERALIZED WARD IDENTITY
We consider the electrons transport through a single level quantum dot in the presence of external ac fields, the system will be described by the following Anderson impurity model 32, 33 
where η = L, R denotes the left and right leads, ǫ kη (t) = ǫ kη + v η (t) and ǫ d (t) = ǫ d + v 0 (t), with v η (t) and v 0 (t) being the ac potentials in leads and in the dot, respectively. λ η (t) is the gauge potential coupled to the tunneling current from the lead η to the dot. 
(2) It should be emphasized that the time variables t and t ′ can be either on the forward or the backward branch of the time contour, and the integration over t 1 is also defined on the closed time path contour. The self-energy Σ(t, t ′ ) is obtained in the framework of self-consistent perturbation theory, and can be divided into two terms
where Σ (0) (t, t ′ ) is the dot level self-energy contributed from the tunneling between the leads and the quantum dot
withḡ kη (t, t ′ ) being the bare Green's function of the lead without external ac potential field. Σ U (t, t ′ ) is the selfenergy due to Coulomb interaction. In the self-consistent perturbation theory, it is a functional of the full Green's functions of the quantum dot. In order to illustrate the method of calculation, we consider only the first order approximation, and the interaction self-energy is given by the Hartree term
We first study the gauge transformation properties and current conservation condition of the Green's functions of quantum dot. By making a transformation
, the equation of motion forḠ dσ (t, t ′ ) will be given by
where the self-energyΣ(t,
and in the Hartree approximation
where the phase factor φ η (t,
is a gauge transformation invariant quantity. If one consider a gauge transformation:
then it is easy to see that the phase factor φ η (t, t ′ ), the self-energyΣ(t, t ′ ) andḠ dσ (t, t ′ ) are all gauge transformation invariant. Therefore, the Green's function G dσ (t, t ′ ) transforms as
The above gauge transformation is directly related to the current conservation condition in the quantum dot. Since under this gauge transformation, the change of the Hamiltonian to the first order ofΛ is given by
where n d (t) and j η (t) are the operators of the charge number in the dot and the tunneling current from the lead η to the dot, respectively. The gauge transformation invariance of the action leads to the continuity equation
In the out-of equilibrium steady state, the occupation number n d (t) is time independent, and the current conservation condition η j η = 0 is satisfied. Next we will follow the procedure as given in the Ref.
34
to give a derivation of the generalized Ward identity 35 for this quantum dot system, which is closely related to the current conservation condition. In the spin degenerate case, the spin index σ will be omitted. We consider the changes in the Green's function induced by the gauge transformation. From Eq.(9) the first-order change in G is
and it leads to the equation
where the functional derivatives of G can be denoted as Λ 0 and Λ η , and they correspond to the time-ordered operator products as follows
(15) An integration by parts in Eq. (13), and demanding that the equation is satisfied for arbitraryΛ, straightforwardly leads to the well-known generalized Ward identity
This identity leads to a relation between the vertex functions and the self-energy, which can be demonstrated explicitly by introducing the following vertex functions
One can see that these vertex functions are related to the time-ordered operators
(20) Thereby, the generalized Ward identity Eq. (16) can be rewritten in terms of the vertex functions
This equation relates the vertex functions to the selfenergy, since the inverse of Green's function
The generalized Ward identity implies the gauge invariance and current conservation condition in this problem. Therefore it should be satisfied when we are investigating the current fluctuations or time-dependent electron transport properties in this system by making approximation calculation of the self-energy or the vertex functions.
III. CURRENT FLUCTUATIONS AND THE HARTREE APPROXIMATION
In this section, we study the current fluctuation and statistical problems in this quantum dot system. It is well known that the central quantity in FCS calculations 5, 6 is the cumulant generating function χ(λ) = Q e iQλ P (Q), where λ = (λ 1 , . . . , λ N ) are the counting fields and P (Q) is the probability for the charge Q = (Q 1 , . . . , Q N ) to be transferred through the respective channel 9 during the measuring time T . For noninteracting electron system, the generating function is given by the LevitovLesovik formula 5 within scattering matrix approach. It is observed that the cumulant generating function can be generalized to the system with time-dependent counting fields, and it can be written in terms of the nonequilibrium Green's function defined on the closed time path contour as follows
where G −1 is the inverse of the full Green's function of the quantum dot given explicitly by Eq. (22) . Φ a functional potential constructed by summing over irreducible selfenergy diagrams closed with an additional Green function line. 26 The interaction self-energy Σ U can be obtained from the functional Φ by
One can verify that when the counting fields λ are assumed to be time-independent and the system is in the noninteracting case, the above generating functional arrives at the Levitov-Lesovik formula. The electron current tunneling from the lead η to the quantum dot can be obtained by a functional derivative of χ(λ) with respect to λ η (t)
Here the bare current vertex function Γ (0)
Therefore the current through quantum dot is given as 28,30
By using the operational rules given by Langreth for contour integration, 36 it is not difficult to prove that this formula is exactly equivalent to the current formula obtained by Jauho et al. 37 for the time-dependent electron transport through an interacting quantum dot.
We can introduce the interaction induced current vertex function which is related to the self-energy of Coulomb interaction
Then the vertex function defined in Eq. (18) is given by
The current formula Eq. (25) indicates that the current is contributed solely from the bare current vertex.
There is no contribution of interaction vertex correction to the current in this self-consistent perturbation approach. However, we will show in the following that the interaction vertex indeed influences the current fluctuations. Next, we calculate the current-current correlation functions on the time contour and find that they can be represented as the sum of two terms
where the bare term is
and the interaction induced vertex correction term to the current correlation is given by
Among the various current correlation functions, the correlation function for current noise is of particular interest, since the frequency dependent noise spectrum of current contains the intrinsic dynamics information of this quantum dot system. In a steady state without external time-dependent potential, the symmetrized noise spectrum S ηη ′ (ω) is given by the Fourier transform of the correlation function of current operators S ηη ′ (t,
. It is noted that the correlation function for current noise can be written as
where S
ηη ′ (t, t ′ ) and S (c) ηη ′ (t, t ′ ) are contributed from the bare term and the interaction induced vertex correction term, respectively.
The bare term S
ηη ′ (t, t ′ ) is obtained straightforwardly by using Langreth's analytical continuation rules. 36 In the absence of external ac potential, we can transform it to the frequency space, and express it in terms of the Green's functions of quantum dot explicitly as 38, 39 
In order to obtain the interaction effect on the noise spectra, we have to calculate the vertex function by functional derivation of the interaction self-energy with respect to the counting field: Γ U η (t 1 , t 2 ; t) = δΣU (t1,t2) δλη (t) , where the interaction self energy Σ U (t 1 , t 2 ) is given by Eq. (5) in the Hartree approximation. The technical details of our calculation is presented in Appendix B. After calculating the vertex function and transform it to the frequency space, we can obtain the interaction correction to the finite frequency current correlation function S (c)
where the various correlation and response functions are given in Appendix A. This equation is the central result of our paper. It is a generalization of the zero frequency noise result obtained by Hershfield 21 to the finite frequency case, and can be interpreted as the current noise contributed from the coupling of density fluctuations in the quantum dot to the current fluctuations. The first term in the Eq. (35) indicates that the correlation between the density and the current S 
IV. NUMERICAL RESULTS
To get better understanding of the interaction effect on the current noise spectrum for this quantum dot system, we will present some numerical calculations of the current noise at zero temperature. In our calculation, we take the coupling strength between the leads and quantum dot Γ as the units of the energy, and take the parameters ǫ d = −1.0, U = 4.0 and the bandwidth D = 100. The applied bias voltage ∆µ = 3.0, with µ L = −µ R = ∆µ/2. For the system with symmetric coupling strength Γ L = Γ R = Γ, we plot the current noise spectra for left and right leads in Fig.1(a) and (b) , respectively. Fig.1 (a) shows that the bare noise spectrum S It is observed that the interaction correction for shot noise at zero frequency has a rather small positive value, which agrees with the previous result, 21 but the interaction correction becomes negative and more significant when the frequency increases, and it goes to positive value again in the large frequency region. The maximum influence of interaction correction is obtained at the frequency which is largely determined by the energy difference between the renormalized dot levelǫ d = ǫ d + U n dσ and the Fermi level of the leads. The sum of S (0) LL (ω) and S (c) LL (ω) gives the noise spectrum after interaction correction, which is a monotonously increasing function of the frequency. Fig.1 (b) shows the noise spectra for the right lead (the drain side of this system). These noise spectra have more prominent features than that of the left lead. One can find a significant dip for the total noise spectrum S RR (ω) at the frequency equal to the applied bias voltage (ω = ∆µ=3.0).
The various bare correlation and response functions utilized in the calculation of interaction effect of noise spectra are plotted in Fig.2 . As shown in Fig.2 (a) that the density fluctuation spectrum S alytical properties of the density-density response function. The correlation and response functions between the density operator on the dot and the current operator for the left and right lead are plotted in Fig.2(b) and (c), respectively. Fig.3 shows the current noise spectra for asymmetrically coupled quantum dot system. Since the coupling strength Γ L ≫ Γ R , we find that the magnitude of the current fluctuations in the right lead plotted in Fig.3 (b) is much less than that of the left lead in Fig.3(a) , because of the tunneling rate between the right lead and quantum dot is much less than that of the left lead. The interaction correction terms also have negative value regions at finite frequencies both for the left and right leads. The noise spectrum in the drain lead (right lead) shows an evident dip structure at the frequency equal to the bias voltage. One can expect this kind of prominent features of noise spectrum can be detected in experiments.
V. CONCLUSIONS
In this work, we have investigated the problem of electron transport through quantum dot in the framework of nonequilibrium self-consistent perturbation theory and examined the current conservation condition. Based on the Anderson impurity model, we gives the current and current fluctuations formulae, which are valid in the presence of arbitrary external time-dependent potentials, by using nonequilibrium generating functional and the functional derivation method. We have calculated the interaction effect on the finite frequency noise spectrum of Anderson impurity model by taking into account the interaction vertex correction term with the Hartree approximation, and obtained an analytical equation for the noise correction term at finite frequency, which corresponds to a generalization of the previous result on zero frequency shot noise. We have focused our attention on the symmetrized noise spectrum, one can expect that the nonsymmetrized noise spectrum and the ac conductance can also be studied within the formulation presented in this paper. We believe that the self-consistent perturbation theory on the Schwinger-Keldysh contour can lead to a unified approach to many interesting problems in nonequilibrium electron transport through mesoscopic systems, and will give us deep understanding of the current fluctuation and energy dissipation phenomena.
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The functional method provides a convenient way to study the statistics of current fluctuations. We note that the Hartree approximation can only account for some interaction effects on the electron current noise in the resonant tunnelling regime. It is expected that future research work can treat the interacting effect beyond the Hartree approximation, and give us more information about the interaction effect on the out-of equilibrium dynamics of electrons in the Coulomb blockade regime as well as the low-temperature Kondo regime.
The response and correlation functions of density operator are given by
and
respectively. The current-density response function and correlation function χ r jη n (t, t
and S jηn (t, t ′ ) = {δj ησ (t), δn dσ (t ′ )} . (A4) By neglecting the vertex correction term induced by interaction effect, we can write the above functions in the frequency space explicitly as follows χ r,(0)
jη n (ω) =
In the Hartree approximation, the retarded/advanced Green's function 
